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Constructions and generalised derivations of multiplicative
n-BiHom-Lie color algebras
IBRAHIMA BAKAYOKO ∗ ISMAIL LARAIEDH†
Abstract
The aim of this paper is introduce and give some constructions results and examples of
n-BiHom-Lie color algebras. Next, we introduce the definition of BiHom-modules over n-
BiHom-Lie color algebras and we provide some properties. Moreover we investigate general-
ized derivations of n-BiHom-Lie color algebras and their BiHom-subalgebras.
1 Introduction
Algebras with n-ary compositions play important roles in Lie and Jordan theories, geometry, analy-
sis, and physics. For instance, Jordan triple systems [31, 43, 52] give rise to 3-graded Lie algebras
through the Kantor-Koecher-Tits construction [32, 35, 56], from which most simple Lie algebras
can be obtained. Jordan triple systems also give rise to Lie triple systems through the Meyberg
construction [49, 50]. On the other hand, Lie triple systems give rise to Z/2Z-graded Lie algebras
[31, 43], which are exactly the kind of Lie algebras associated to symmetric spaces. In geometry
and analysis, various types of Jordan triple systems are used in the classifications of different classes
of symmetric spaces [13, 21, 33, 34, 44, 45].
The n-Lie algebras found their applications in many fields of Mathematics and Physics. Ternary
Lie algebras appeared first in Nambu generalization of Hamiltonian mechanics [51] using ternary
bracket generalization of Poisson algebras. Nambu mechanics [51] involves an n-ary product that
satisfies the n-ary Nambu identity, which is an n-ary generalization of the Jacobi identity. Bagger-
Lambert algebras [10] are ternary Nambu algebras with some extra structures, and they appear in
the study of string theory and M-branes. Ternary algebras are used in [23, 24, 25] to construct
superconformal algebras. Deformations of n-Lie algebras have been studied from several aspects.
See [7, 22] for more details. In particular, a notion of a Nijenhuis operator on a 3-Lie algebra
was introduced in [59] in the study of the 1-order deformations of a 3-Lie algebra. But there are
some quite strong conditions in this definition of a Nijenhuis operator. In the case of Lie algebras,
∗De´partement de Mathe´matiques, Universite´ de N’Ze´re´kore´, BP 50 N’Ze´re´kore´, Guine´e. Email:
ibrahimabakayoko27@gmail.com
†Departement of Mathematics, Faculty of Sciences, Sfax University, BP 1171, 3000 Sfax, Tunisia. Email: Is-
mail.laraiedh@gmail.com and Departement of Mathematics, College of Sciences and Humanities - Kowaiyia, Shaqra
University, Kingdom of Saudi Arabia. E.mail: ismail.laraiedh@su.edu.sa
1
one could obtain fruitful results by considering one-parameter infinitesimal deformations, i.e. 1-
order deformations. However, for n-Lie algebras, we believe that one should consider (n−1)-order
deformations to obtain similar results. In [22], for 3-Lie algebras, the author had already considered
2-order deformations. For the case of Hom-Lie superalgebras, the authors in [42] give the notion of
Hom-Nijenhuis operator.
The origin of Hom-structures can be found in the physics literature around 1900, appearing in
the study of quasideformations of Lie algebras of vector fields. n-ary Hom-type generalization of
n-ary algebras were introduced in [26]. Derivations and generalized derivations of many varieties of
algebras and Hom-algebras were investigated in [11, 27, 38, 29, 62, 61, 60]. Then, hom-Lie algebras
were generalized to hom-Lie superalgebras by Ammar and Makhlouf [5, 6]. Hom-algebra structures
of a given type include their classical counterparts and open more possibilities for deformations,
Hom-algebra extensions of cohomological structures and representations, formal deformations of
Hom-associative and Hom-Lie algebras, Hom-Lie admissible Hom-coalgebras, Hom-coalgebras,
Hom-Hopf algebras [4, 12, 37, 46, 47, 48, 55, 58, 57].
A generalization of this approach led the authors of [16] to introduce BiHom-algebras, which
are algebras where the identities defining the structure are twisted by two homomorphisms α and
β. This class of algebras can be viewed as an extension of the class of Hom-algebras since, when
the two linear maps of a BiHom-algebra are the same, it reduces to a Hom-algebra. These algebraic
structures include BiHom-associative algebras, BiHom-Lie algebras and BiHom-bialgebras. More
applications of BiHom-algebras, BiHom-Lie superalgebras and BiHom-Novikov algebras can be
found in [17, 18, 14, 15, 36, 39, 40]. BiHom-type generalizations of n-ary Nambu-Lie algebras,
called n-ary BiHom-Nambu- Lie algebras, were introduced by Kitouni, Makhlouf, and Silvestrov
in [12]. Each n-ary BiHom-Nambu-Lie algebra has (n - 1)-linear twisting maps, which appear in a
twisted generalization of the n-ary Nambu identity called the n-ary BiHom-Nambu identity.
In 1979, Scheunert investigated the Lie color algebras from a purely mathematical point of view
and obtained generalizations of the PBW and Ado theorems( [53]). The cohomology theory for Lie
color algebras was introduced in [54]. Moreover, various properties were studied in color setting,
can be found in [1, 2, 3, 8].
The aim of this paper is to extend the work done By I. Bakayoko and S Silvestrov in [9] in
BiHom-algebras setting. The paper is organized as follows. In Section 2, summarizes basic notions
and notations related to n-BiHom-Lie color algebras which will be used in next sections. In Section
3, we provide some useful methods for construction of n-BiHom-Lie color algebras. In Section 4,
we consider BiHom-modules over n-BiHom-Lie color algebras and give some results. In Section 5,
we introduce and study proper- ties of derivations, (αk,βr)-derivations and generalized derivations
of n-BiHom-Lie color algebras and their Bihom-subalgebras.
Throughout this paper, all graded linear spaces are assumed to be over a field K of characteristic
different from 2.
2 Preliminaries
In the following we summarize definitions and proprieties of n-BiHom-Lie color algebra.
Let Γ be an abelian group. A vector space V is said to be Γ-graded, if there is a family (Vγ)γ∈Γ





An element x ∈ V is said to be homogeneous of degree γ ∈ Γ if x ∈ Vγ,γ ∈ Γ, and in this case, γ
2
is called the degree of x. As usual, we denote by x the degree of an element x ∈ V . Thus each











γ be two Γ-graded vector spaces. A linear mapping f :
V −→ V
′
is said to be homogeneous of degree υ ∈ Γ if f (Vγ) ⊆ V
′
γ+υ, ∀γ ∈ Γ. If in addition f is
homogeneous of degree zero, i.e. f (Vγ) ⊆ V
′
γ holds for any γ ∈ Γ, then f is said to be even.




and if, furthermore AγAγ′ ⊆ Aγ+γ′ , for all γ,γ
′ ∈ Γ. It is easy to see that if A has a unit element e, it
follows that e ∈ A0. A subalgebra of A is said to be graded if it is graded as a subspace of A.
Definition 2.1. Let K be a field and Γ be an abelian group. A map ε : Γ× Γ → K∗ is called a
skewsymmetric bicharacter on Γ if the following identities hold, for all a,b,c in Γ
1. ε(a,b) ε(b,a) = 1,
2. ε(a,b+ c) = ε(a,b) ε(a,c),
3. ε(a+b,c) = ε(a,c) ε(b,c).
The definition above implies, in particular, the following relations
ε(a,0) = ε(0,a) = 1, ε(a,a) = ±1, for all a ∈ Γ.
If x and x′ are two homogeneous elements of degree γ and γ′ respectively and ε is a skewsymmetric
bicharacter, then we shorten the notation by writing ε(x, x′) instead of ε(γ,γ′).
Example 2.2. Some standard examples of skew-symmetric bicharacters are:
1) Γ = Z2, ε(i, j) = (−1)
i j,
2) Γ = Zn
2
= {(α1, . . . ,αn)| αi ∈ Z2}, ε((α1, . . . ,αn), (β1, . . . ,βn)) := (−1)
α1β1+···+αnβn .
3) Γ = Z2×Z2, ε((i1, i2), ( j1, j2)) = (−1)
i1 j2−i2 j1 ,
4) Γ = Z×Z, ε((i1, i2), ( j1, j2)) = (−1)
(i1+i2)( j1+ j2),
5) Γ = {−1,+1}, ε(i, j) = (−1)(i−1)( j−1)/4 .
Definition 2.3. An n-Lie color algebra is a triple (L, [·, . . . , ·], ε) consisting of a Γ-graded vector space
L, an even n-linear map [· . . . , ·] : L× · · ·× L→ L, a bicharacter ε : Γ×Γ→ K∗ such that:
1. [x1, . . . , xk, xk+1, . . . , xn−1, xn]=−ε(xk, xk+1)[x1, . . . , xk+1, xk, . . . , xn−1, xn], k = 1,2, . . . ,n−1.
2.
[x1, . . . , xn−1, [y1, . . . ,yn]] =
n∑
k=1
ε(X,Yk)[y1, . . . ,yk−1, [x1, . . . , xn−1,yk],yk+1, . . .yn], (2.0)
for all x1, . . . , xn−1,y1, . . . ,yn ∈ L, X =
∑n−1
k=1 xk, Yk =
∑k
l=1 yl−1 and y0 = e.
Example 2.4. Let Γ = Z2, ε(i, j) = (−1)
i j, L = L0⊕ L1 =< e2,e4 > ⊕ < e1,e3 >,
[e1,e2,e3] = e2, [e1,e2,e4] = e1, [e1,e3,e4] = [e2,e3,e4] = 0.
Then (L, [·, ·, ·], ε) is a 3-Lie color algebra.
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Definition 2.5. A 3-BiHom-Lie color algebra is a 5-tuple (L, [·, ·, ·], ε,α,β) consisting of a Γ-graded
vector space L, an even trilinear mapping [·, ·, ·] : L× L× L→ L, a bicharacter ε : Γ× Γ→ K∗ and
two even linear maps α,β : L→ L such that for homogeneous elements x,y,z,u,v we have
1. α◦β = β◦α,
2. [β(x),β(y),α(z)] = −ε(x,y)[β(y),β(x),α(z)] = −ε(y,z)[β(x),β(z),α(y)],
(ε−3−BiHom-skewsymmetry).
3.
[β2(x),β2(y), [β(z),β(u),α(v)]] = ε(u+ v, x+ y+ z)[β2(u),β2(v), [β(x),β(y),α(z)]]
= −ε(z+ v, x+ y)ε(u,v)[β2(z),β2(v), [β(x),β(y),α(u)]]
= +ε(z+u, x+ y)[β2(z),β2(u), [β(x),β(y),α(v)]],
(ε−3−BiHom-Jacobi identity).
Definition 2.6. An n-BiHom-Lie color algebra A is a 5-tuple (L, [., . . . , .], ε,α,β) consisting of a Γ-
graded vector space L, an even n-linear map [· . . . , ·] : L× · · · × L→ L, a bicharacter ε : Γ×Γ→ K∗
and two even linear maps α and β such that :
1. α◦β = β◦α.
2.
[β(x1), . . . ,β(xk),β(xk+1), . . . ,β(xn−1),α(xn)]
= −ε(xk, xk+1)[β(x1), . . . ,β(xk+1),β(xk), . . . ,β(xn−1),α(xn)]
= −ε(xn−1, xn)[β(x1), . . . ,β(xn−2),β(xn),α(xn−1)],
where k = 1,2, . . . ,n−2.
3.
[β2(x1), . . . ,β





2(y1), . . . ,β
2(yk−1), [β(x1), . . . ,β(xn−1),α(yk)],β
2(yk+1), . . . ,β
2(yn)],
for all x1, . . . , xn−1,y1, . . . ,yn ∈ L, X =
∑n−1
k=1 xk, Yk =
∑k
l=1 yl−1 and y0 = e.
Remark 2.7. 1) The n-BiHom ε-Jacobi identity is equivalent to
[β2(x1), . . . ,β





2(y1), . . . ,β
2(yk−1),β
2(yk+1), . . . ,β
2(yn), [β(x1), . . . ,β(xn−1),α(yk)]],
for all x1, . . . , xn−1,y1, . . . ,yn ∈ L, X =
∑n−1
k=1 xk, Y˜n =
n∑
l=1 l,k
yl and Yk+1 =
∑n
i=k+1 yi.
2) When α = β = id, we get n-Lie color algebra.
3) When Γ = {e} and α = β = id, we get n-Lie algebra.
4) When Γ = {e} and α,β , id, we get n-BiHom-Lie algebra.
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Definitions 2.8. 1. An n-BiHom-Lie color algebra (L, [·, . . . , ·], ε,α,β) is multiplicative if for any
homogenous elements x1, · · · , xn ∈ L, we have
α([x1, · · · , xn]) = [α(x1), · · · ,α(xn)] and β([x1, · · · , xn]) = [β(x1), · · · ,β(xn)].
2. An n-BiHom-Lie color algebra (L, [·, . . . , ·], ε,α,β) is regular if α and β are even algebra auto-
morphisms.
3. An n-BiHom-Lie color algebra (L, [·, . . . , ·], ε,α,β) is involutive if α and β are involutions, i.e.,
α2 = β2 = id.
Definition 2.9. A morphism f : (L, [·, . . . , ·], ε,α,β) → (L′, [·, . . . , ·]′, ε,α′,β′) of an n-BiHom-Lie
color algebras is an even linear map f : L → L′ such that f ◦α = α′ ◦ f , f ◦ β = β′ ◦ f and for
any xk ∈ H(L),
f ([x1, . . . , xn]) = [ f (x1), . . . , f (xn)]
′
Denote by φ f = {x+ f (x); x ∈ L} ⊂ L⊕ L
′ which is the graph of a linear map f : L→ L′.
Definitions 2.10. 1. A subspace H of L is an n-BiHom-subalgebra of (L, [., · · · , .], ε,α,β) if
α(H) ⊂ H, β(H) ⊂ H and [H, · · · ,H] ⊆ H, (i.e., [x1, · · · , xn] ∈ H, ∀xk ∈ H).
2. A subspace I ⊂ L is an n-BiHom ideal of (L, [., · · · , .], ε,α,β) if α(I) ⊂ I, β(I) ⊂ I
and [I,L, · · · ,L] ⊆ I, (i.e. [x,y1, · · · ,yn−1] ∈ I, ∀x ∈ I; yk ∈ L.
Definitions 2.11. 1. The center of (L, [., · · · , .], ε,α,β) is the set of x ∈ L such that
[x,y1, · · · ,yn−1] = 0, for any yi ∈ L. The center is an ideal of L which we will denote by Z(L).
2. The (α,β)-center of (L, [., · · · , .], ε,α,β) is the set
Z(α,β) = {x ∈ L, [x,αβ(y1), · · · ,αβ(yn−1)] = 0, f or any yk ∈ L}
Definition 2.12. Let H1,H2, . . . ,Hn be BiHom-subalgebras of an n-BiHom-Lie color algebra L.
Denote by [H1,H2, . . . ,Hn] the BiHom-subalgebra of L generated by all elements [x1, x2, . . . , xn],
where xk ∈ Hk,k = 1,2, . . . ,n.
i) The sequence L1,L2, . . . ,Ln, . . . defined by
L0 = L, L1 = [L0,L0, . . . ,L0], L2 = [L1,L1, . . . ,L1], . . . ,
Ln = [Ln−1,Ln−1, . . . ,Ln−1], . . .
is called the derived sequence.
ii) The sequence L1,L2, . . . ,Ln, . . . defined by
L0 = L, L1 = [L0,L, . . . ,L], L2 = [L1,L, . . . ,L], . . . ,
Ln = [Ln−1,L, . . . ,L], . . .
is called the descending central sequence.
Theorem 2.13. Let (L, [·, . . . , ·], ε,α,β) be an involutive n-BiHom-Lie color algebra. Then, In, I
n and
Z(L) are BiHom-ideals of L.
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Proof. We only prove, by induction, that In is a BiHom-ideal. For this, suppose, first, that In−1 is a
BiHom-subalgebra of L and show that In is a BiHom-subalgebra of L. For any y ∈H(In), there exist
y1,y2, . . . ,yn ∈ H(In−1), such that
y = [y1,y2, . . . ,yn].
So, α(y) = α([y1,y2, . . . ,yn]) = α(y1),α(y2), . . . ,α(yn)] ∈ In and β(y) = β([y1,y2, . . . ,yn]) =
[[β(y1),β(y2), . . . ,β(yn)] ∈ In, because In−1 is a BiHom-subalgebra. That is α(In) ⊆ In and β(In) ⊆ In.





, . . . ,yn
k
∈ In−1,k = 1,2, . . . ,n such that








2, . . . ,y
n
2], . . . , [y
1
n, . . . ,y
n
n]].





, . . . ,yn
k
] ∈ In−1 for 1≤ i≤ n, and so [y1,y2, . . . ,yn] ∈
In. Thus In is a BiHom-subalgebra.
Now, suppose that In−1 is a BiHom-ideal. Let x1, . . . , xn−1 ∈ L,y ∈ In, then there exist y1, . . . ,yn ∈
In−1 (i.e α and β are involution) such that
[x1, . . . , xn−1,y] = [β
2(x1), . . . ,β




2(y1), . . . ,β
2(yk−1), [β(x1), . . . ,β(xn−1),α(yk)],β
2(yk+1), . . . ,β
2(yn)]
As [β(x1), . . . ,β(xn−1),α(yk)] ∈ In−1, then [x1, . . . , xn−1,y] ∈ In. So, In is a BiHom-ideal of L. 
3 Constructions of n-BiHom-Lie color algebras
In this section we present some useful methods for construction of n-BiHom-Lie color algebras.
Proposition 3.1. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and I a BiHom-ideal of
(L, [·, . . . , ·], ε,α,β). Then (L/I, [·, . . . , ·], ε,α,β) is an n-BiHom-Lie color algebra where [x1, . . . , xn] =
[x1, . . . , xn], α(x) = α(x) and β(x) = β(x), for all x, x1, . . . , xn ∈ H(A/I)
Proof. It follows from a straightforward computation. 
Proposition 3.2. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and u ∈ Le such that
β(u) = u. Then (L, {·, . . . , ·}, ε,α,β) is an (n−1)-BiHom-Lie color algebra with
{x1, . . . , xn−1} = [u, x1, . . . , xn−1].
Proof. With conditions in the statement, for all xi,yi ∈ L, we have
{β(x1), . . . ,β(xk),β(xk+1), . . . ,β(xn−2),α(xn−1)}
= [u,β(x1), . . . ,β(xk),β(xk+1), . . . ,β(xn−2),α(xn−1)]
= [β(u),β(x1), . . . ,β(xk),β(xk+1), . . . ,β(xn−2),α(xn−1)]
= −ε(xk, xk+1)[β(u),β(x1), . . . ,β(xk+1),β(xk), . . . ,β(xn−2),α(xn−1)]
= −ε(xn−1, xn−2)[β(u),β(x1), . . . ,β(xn−3),β(xn−1),α(xn−2)]
= −ε(xk, xk+1)[u,β(x1), . . . ,β(xk+1),β(xk), . . . ,β(xn−2),α(xn−1)]
= −ε(xn−1, xn−2)[u,β(x1), . . . ,β(xn−3),β(xn−1),α(xn−2)]
= −ε(xk, xk+1){β(x1), . . . ,β(xk+1),β(xk), . . . ,β(xn−2),α(xn−1)}
= −ε(xn−1, xn−2){β(x1), . . . ,β(xn−3),β(xn−1),α(xn−2)},
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where k=1,2, . . . n-3.
Next, we have
{β2(x1), . . . ,β
2(xn−2), {β(y1), . . . ,β(yn−2),α(yn−1)}}
= [u,β2(x1), . . . ,β
2(xn−2), [u,β(y1), . . . ,β(yn−2),α(yn−1)]]
= [β2(u),β2(x1), . . . ,β
2(xn−2), [β(u),β(y1), . . . ,β(yn−2),α(yn−1)]]
= [[β(u),β(x1), . . . ,β(xn−2),α(u)],β






2(u),β2(y1), . . . ,β
2(yk−1), [β(u),β(x1), . . . ,β(xn−2),α(yk)],β
2(yk+1), . . . ,β
2(yn−1)]
= [[u,β(x1), . . . ,β(xn−2),u],β






2(y1), . . . ,β
2(yk−1), [u,β(x1), . . . ,β(xn−2),α(yk)],β






2(y1), . . . ,β
2(yk−1), {β(x1), . . . ,β(xn−2),α(yk)},β




k=1 xk, Yk =
∑k
l=1 yl−1.
which completes the proof. 
Corollary 3.3. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and ui ∈ Le such that
β(ui) = ui, i = 1,2, . . . ,k. Then Lk = (L, {·, . . . , ·}k, ε,α,β) is an (n− k)-BiHom-Lie color algebra with
{x1, . . . , xn−k}k = [u1, . . . ,uk, x1 . . . , . . . , xn−k].
Corollary 3.4. Let (L, [·, . . . , ·], ε) be an n-Lie color algebra and u ∈ Le.
Then (L, {·, . . . , ·}, ε) is an (n−1)-Lie color algebra with
{x1, . . . , xn−1} = [u, x1, . . . , . . . , xn−1].
Theorem 3.5. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and α′,β′ be two even
endomorphisms of L and any two of the maps α,β,α′,β′ commute. Then Lα′,β′ = (L, {·, . . . , ·} =
[·, . . . , ·] ◦ (α′ ⊗ · · · ⊗α′ ⊗ β′), ε,α ◦α′,β ◦ β′) is an n-BiHom-Lie color algebra. Moreover suppose
that (A, [·, . . . , ·]′, ε,γ,δ) is another n-BiHom-Lie color algebra and γ′, δ′ be an even endomorphism
of A and any two of the maps γ,δ,γ′, δ′ commute. If f : (L, [·, . . . , ·], ε,α,β)→ (A, [·, . . . , ·]′, ε,γ,δ) is
a morphism such that fα′ = γ′ f and fβ′ = δ′ f , then f : Lα′,β′ → Aγ′,δ′ is also a morphism.
Proof. First part is proved as follows:
We prove the n-BiHom-ε-skewsymmetry. For all xi, yi ∈ L we have
{ββ′(x1), . . . ,ββ
′(xk),ββ
′(xk+1), . . . ,ββ
′(xn−1),αα
′(xn)}
= [α′ββ′(x1), . . . ,α
′ββ′(xk),α









[β(x1), . . . ,β(xk+1),β(xk), . . . ,β(xn−1),α(xn)]
)
= −ε(xk, xk+1)[α
′ββ′(x1), . . . ,α
′ββ′(xk+1),α




′(x1), . . . ,ββ
′(xk+1),ββ





{ββ′(x1), . . . ,ββ
′(xn−1),αα
′(xn)} = −ε(xn−1, xn){ββ
′(x1), . . . ,ββ
′(xn),αα
′(xn−1)}.
Now, we prove the n-BiHom ε−Jacobi identity. For all xi, yi ∈ L
{(ββ′)2(x1), . . . , (ββ
′)2(xn−1), {ββ
′(y1), . . . ,αα
′(yn)}}
= {β2β′2(x1), . . . ,β
2β′2(xn−1), {ββ
′(y1), . . . ,αα
′(yn)}}
= [α′β2β′2(x1), . . . ,α
′β2β′2(xn−1), [α





[β2(x1), . . . ,β






2(y1), . . . ,β
2(yk−1), [β(x1), . . . ,β(xn−1),α(yk)],β









[β2(y1), . . . ,β
2(yk−1), [β(x1), . . . ,β(xn−1),α(yk)],β








[α′β′2β2(y1), . . . ,α
′β′2β2(yk−1),α
′β′2[β(x1), . . . ,β(xn−1),α(yk)],








[α′(β′2β2(y1)), . . . ,α
′(β′2β2(yk−1)),β
′[α′(β′β(x1)), . . . ,α
′(β′β(xn−1)),
β′(α′α(yk))],α








{β′2β2(y1), . . . ,β
′2β2(yk−1), {β
′β(x1), . . . ,β
′β(xn−1),
α′α(yk)},β








{(ββ′)2(y1), . . . , (ββ
′)2(yk−1), {ββ
′(x1), . . . ,ββ
′(xn−1),
αα′(yk)}, (ββ
′)2(yk+1), . . . , (ββ
′)2(yn)}
)
Second part is proved as follows:
f ({x1, . . . , xn}) = f [α
′(x1), . . . ,α
′(xn−1),β
′(xn)]




= [γ′ f (x1), . . . ,γ
′ f (xn−1), δ
′ f (xn)]
′
= { f (x1), . . . , f (xn)}
′
This completes the proof. 
Corollary 3.6. Let (L, [·, . . . , ·], ε,α,β) be a multiplicative n-BiHom-Lie color algebra. Then, for
any positive integer k, (L, [·, . . . , ·] ◦ (αk ⊗ · · · ⊗αk ⊗ βk), ε,αk+1,βk+1) is also an n-BiHom-Lie color
algebra.
Proof. Apply Theorem 3.5 with α′ = αk and β′ = βk. 
Theorem 3.7. Let (A, ·) be a commutative associative algebra and (L, [·, . . . , ·], ε,α,β) be an n-




γ∈ΓA⊗ Lγ with the bracket
[a1⊗ x1, . . . ,an⊗ xn]
′
= a1 . . .an⊗ [x1, . . . , xn], the even linear map α
′(a⊗ x) := a⊗α(x) and β′(a⊗ x) :=
a⊗β(x) and the bicharacter ε(a+ x,b+y) = ε(x,y),∀a,b ∈ A,∀x,y ∈ H(L), is an n-BiHom-Lie color
algebra.
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Proof. For all a ∈ A, x ∈ L
β′α′(a⊗ x) := β′(a⊗α(x)) = a⊗βα(x) = a⊗αβ(x) = α′β′(a⊗ x).
Then β′α′ = α′β′.
With conditions in the statement, for all ai,bi ∈ A, xi,yi ∈ L, we have
[β′(a1 ⊗ x1), . . . ,β
′(ak ⊗ xk),β




= [a1 ⊗β(x1), . . . ,ak ⊗β(xk),ak+1 ⊗β(xk+1), . . . , . . . ,an−1 ⊗β(xn−1),an⊗α(xn)]
′
= a1 . . .akak+1 . . .an ⊗ [β(x1), . . . ,β(xk),β(xk+1), . . . ,β(xn−1),α(xn)]
= −a1 . . .ak+1ak . . .anε(xk, xk+1)[β(x1), . . . ,β(xk+1),β(xk), . . . ,β(xn−1),α(xn)]
= −ε(xk, xk+1)[β
′(a1 ⊗ x1), . . . ,β
′(ak+1 ⊗ xk+1),β




= −ε(ak + xk,ak+1 + xk+1)[β
′(a1 ⊗ x1), . . . ,β
′(ak+1 ⊗ xk+1),β




In the same way,




= −ε(an−1+ xn−1,an + xn)[β




Finally, we prove the n-BiHom ε−Jacobi identity of A⊗ L:
[β′2(a1⊗ x1), . . . ,β
′2(an−1 ⊗ xn−1), [β





2(x1), . . . ,an−1 ⊗β
2(xn−1), [b1⊗β(y1), . . . ,bn−1⊗β(yn−1),α(yn)]]
= a1 . . .an−1b1 . . .bn[[β
2(x1), . . . ,β
2(xn−1), [β(y1), . . . ,β(yn−1),α(yn)]]




2(y1), . . . ,β
2(yk−1), [β(x1), . . . ,β(xn−1),α(yk)],
β2(yk+1), . . . ,β
2(yn)]




2(y1), . . . ,β
2(yk−1), [β(x1), . . . ,β(xn−1),
α(yk)],β





ε(X +A, (Y +B)k)[β
′2(b1⊗ y1), . . . ,β
′2(bk−1 ⊗ yk−1), [β
′(a1 ⊗ x1), . . . ,
β′(an−1 ⊗ xn−1),α
′(bk ⊗ yk)]





k=1(xk +ak), (Y +B)k =
∑k
l=1(yl−1 +bl−1).
This completes the proof. 
Proposition 3.8. Given two n-BiHom-Lie color algebras (L, [., . . . , .], ε,α,β) and (L′, [., . . . , .]′, ε,α′,β′).
Then (L⊕L′, [., . . . , .]L⊕L′ ,α+α
′,β+β′), is an n-BiHom-Lie color algebras, where the n−linear map
[., . . . , .]L⊕L′ : ∧
n(L⊕ L′) −→ L⊕ L′ is given by
[(u+ v)1, . . . , (u+ v)n]L⊕L′ = [u1, . . . ,un]+ [v1, . . . ,vn]
′, ∀ui ∈ Lγi ,vi ∈ L
′
γi
, i = 1, . . . ,n;
and the two linear maps α+α′,β+β′ : L⊕ L′ −→ L⊕ L′, are given by ∀u ∈ L, v ∈ L′
(α+α′)(u+ v) = α(u)+α′(v),
(β+β′)(u+ v) = β(u)+β′(v).
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Proof. For any (u+ v) ∈ (L⊕ L′)γi we have:




= (β+β′)◦ (α+α′)(u+ v)
.
Then we have (α+ α′) ◦ (β+ β′) = (β+ β′) ◦ (α+α′). Next, for any Lγi ⊕ L
′
γi
∋ ui + vi = (u+ v)i ∈
(L⊕ L′)γi we have
[(β+β′)(u+ v)1, . . . , (β+β
′)(u+ v)k, (β+β
′)(u+ v)k+1, . . . ,
(β+β′)(u+ v)n−1, (α+α
′)(u+ v)n]L⊕L′
= [(β+β′)(u1 + v1), . . . , (β+β
′)(uk + vk), (β+β
′)(uk+1 + vk+1), . . . ,
(β+β′)(un−1 + vn−1), (α+α
′)(un + vn)]L⊕L′
= [β(u1)+β
′(v1), . . . ,β(uk)+β
′(vk),β(uk+1)+β
′(vk+1), . . . ,β(un−1)+
β′(vn−1),α(un)+α
′(vn)]L⊕L′
= [β(u1), . . . ,β(uk),β(uk+1), . . . ,β(un−1),α(un)]
+[β′(v1), . . . ,β
′(vk),β




= −ε(uk,uk+1)[β(u1), . . . ,β(uk+1),β(uk), . . . ,β(un−1),α(un)]
−ε(vk,vk+1)[β
′(v1), . . . ,β
′(vk+1),β




= −ε((u+ v)k, (u+ v)k+1)[(β+β
′)(u1 + v1), . . . , (β+β
′)(uk+1 + vk+1), (β+β
′)(uk + vk), . . . ,
(β+β′)(un−1 + vn−1), (α+α
′)(un + vn)]L⊕L′
= −ε((u+ v)k, (u+ v)k+1)[(β+β
′)(u+ v)1, . . . , (β+β
′)(u+ v)k+1, (β+β
′)(u+ v)k, . . . ,
(β+β′)(u+ v)n−1, (α+α
′)(u+ v)n]L⊕L′
Similarly, we can get
[(β+β′)(u+ v)1, . . . , (β+β
′)(u+ v)n−1, (α+α
′)(u+ v)n]L⊕L′
= −ε((u+ v)n−1, (u+ v)n)[(β+β




We prove the n-BiHom-ǫ-Jacobi identity,
[(β+β′)2(u+ v)1, . . . , (β+β
′)2(u+ v)n−1, [(β+β
′)(x+ y)1, . . . ,
(β+β′)(x+ y)n−1, (α+α
′)(x+ y)n]L⊕L′]L⊕L′
= [(β+β′)2(u1 + v1), . . . , (β+β
′)2(un−1 + vn−1), [(β+β
′)(x1 + y1), . . . ,
(β+β′)(xn−1+ yn−1), (α+α
′)(xn + yn)]L⊕L′]L⊕L′
= [β2(u1), . . . ,β
2(un−1), [β(x1), . . . ,β(xn−1),α(xn)]
+[β′2(v1), . . . ,β
′2(vn−1), [β








2(x1), . . . ,β
2(xk−1), [β(u1), . . . ,β(un−1),α(xk)],β






′2(y1), . . . ,β
′2(yk−1), [β
′(v1), . . . ,β
′(vn−1),α
′(yk)],β






′)2(x1+ y1), . . . , (β+β
′)2(xk−1 + yk−1),
[(β+β′)(u1 + v1), . . . , (β+β
′)(un−1 + vn−1), (α+α
′)(xk + yk)]L⊕L′ ,






′)2(x+ y)1, . . . , (β+β
′)2(x+ y)k−1,
[(β+β′)(u+ v)1, . . . , (β+β
′)(u+ v)n−1, (α+α
′)(x+ y)k]L⊕L′ ,
(β+β′)2(x+ y)k+1, . . . , (β+β
′)2(x+ y)n]L⊕L′
where U +V =
∑n−1
k=1(u+ v)k, (X +Y)k =
∑k
l=1(x+ y)l−1.
Then (L⊕ L′, [., . . . , .]L⊕L′ ,α+α
′,β+β′), is an n-BiHom-Lie color algebras 
In the next definition, we introduce an element of the centroid (or semi-morphism) for n-BiHom-
Lie color algebra.
Definition 3.9. A semi-morphism of an n-BiHom-Lie color algebra (L, [·, . . . , ·], ε,α,β) is an even
linear map γ : L→ L such that γα = αγ, γβ = βγ and γ[x1, . . . , xn] = [x1, . . . ,γ(xi), . . . , xn].
Theorem 3.10. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and γ : L → L a semi-
morphism of L. Define a new multiplication {·, . . . , ·} : L× · · ·× L→ L by
{x1, . . . , xn} = [x1, . . . ,γ(xi), . . . , xn]
Then (L, {·, . . . , ·}, ε,α,β) is also an n-BiHom-Lie color algebra.
Proof. For all xi,yi ∈ H(L), the proof can be obtained as follows:
{β(x1), . . . ,β(xi), . . . ,β(xk),β(xk+1), . . . ,β(xn−1),α(xn)}
= [β(x1), . . . ,γβ(xi), . . . ,β(xk),β(xk+1), . . . ,β(xn−1),α(xn)]
= −ε(xk, xk+1)[β(x1), . . . ,γβ(xi), . . . ,β(xk+1),β(xk), . . . ,β(xn−1),α(xn)]
= −ε(xk, xk+1){β(x1), . . . ,β(xi), . . . ,β(xk+1),β(xk), . . . ,β(xn−1),α(xn)}.
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Similarly, we can get
{β(x1), . . . ,β(xi), . . . , . . . ,β(xn−1),α(xn)}
= −ε(xn−1, xn){β(x1), . . . ,β(xi), . . . , . . . ,β(xn),α(xn−1)}.
Finally, we have
{β2(x1), . . . ,β
2(xn−1), {β(y1), . . . ,β(yn)}}
= [β2(x1), . . . ,γβ
2(xi), . . . ,β
2(xn−1), [β(y1), . . . ,γβ(y j), . . . ,β(yn)]]
= [β2(x1), . . . ,β
2γ(xi), . . . ,β





2(y1), . . . ,β
2(yk−1), [β(x1), . . . ,γβ(xi), . . . ,β(xn−1),α(yk)],
β2(yk+1), . . . ,γβ
2(y j), . . .β
2(yn)]
+ε(X,Y j)[β
2(y1), . . . ,β
2(y j−1), [β(x1), . . . ,γβ(xi), . . . ,β(xn−1),γα(y j)],β






2(y1), . . . ,γβ
2(y j), . . . ,β
2(yk−1), [β(x1), . . . ,γβ(xi), . . . ,β(xn−1),α(yk)],






2(y1), . . . ,β
2(yk−1), {β(x1), . . . ,β(xi), . . . ,β(xn−1),α(yk)},
β2(yk+1), . . . ,γβ
2(y j), . . .β
2(yn)]
+ε(X,Y j)[β
2(y1), . . . ,β
2(y j−1),γ({β(x1), . . . ,β(xi), . . . ,β(xn−1),α(y j)}),β






2(y1), . . . ,γβ
2(y j), . . . ,β
2(yk−1), {β(x1), . . . ,β(xi), . . . ,β(xn−1),α(yk)},






2(y1), . . . ,β
2(yk−1), {β(x1), . . . ,β(xi), . . . ,β(xn−1),α(yk)},
β2(yk+1), . . . ,β
2(y j), . . .β
2(yn)}
+ε(X,Y j){β
2(y1), . . . ,β
2(y j−1), {β(x1), . . . ,β(xi), . . . ,β(xn−1),α(y j)},β






2(y1), . . . ,β
2(y j), . . . ,β
2(yk−1), {β(x1), . . . ,β(xi), . . . ,β(xn−1),α(yk)},
β2(yk+1), . . . ,β
2(yn)}.
This completes the proof. 
Corollary 3.11. Let (L, [·, . . . , ·], ε) be an n-Lie color algebra and α : L→ L a semi-morphism of L.
Then (L, {·, . . . , ·}, ε) is another n-Lie color algebra, with
{x1, . . . , xn} = [x1, . . . ,α(xi) . . . , xn]
Definition 3.12. Let (L, [·, . . . , ·], ε,α,β) be an n-Hom-Lie color algebra. An averaging operator of
an n-BiHom-Lie color algebra L is an even linear map γ : L→ L such that
(1) γα = αγ, γβ = βγ
(2) γ[x1, . . . ,γ(xi), . . . , xn] = [x1, . . . ,γ(xi), . . . ,γ(x j), . . . , xn]
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Theorem 3.13. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and γ : L→ L an averaging
operator of L. Define a new multiplication {·, . . . , ·} : L× · · ·× L→ L by
{x1, . . . , xn} = [x1, . . . ,γ(xi) . . . , xn]
Then (L, {·, . . . , ·}, ε,α,β) is also an n-BiHom-Lie color algebra.
Proof. It is similar to the one of Theorem 3.10. 
Taking α = β = id, yields the following statement.
Corollary 3.14. Let (L, [·, . . . , ·], ε) be an n-Lie color algebra and α : L→ L an averaging operator
of L. Then (L, {·, . . . , ·}, ε) is another n-Lie color algebra, with
{x1, . . . , xn} = [x1, . . . ,α(xi) . . . , xn]
Taking α = γ, yields the following statement.
Corollary 3.15. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and α : L→ L an averag-
ing operator. Define a new multiplication {·, . . . , ·} : L× · · ·× L→ L by
{x1, . . . , xn} = [x1, . . . ,α(xi) . . . , xn]
Then (L, {·, . . . , ·}, ε,α,β) is also an n-BiHom-Lie color algebra.
Taking β = γ, yields the following statement.
Corollary 3.16. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and β : L→ L an averag-
ing operator. Define a new multiplication {·, . . . , ·} : L× · · ·× L→ L by
{x1, . . . , xn} = [x1, . . . ,β(xi) . . . , xn]
Then (L, {·, . . . , ·}, ε,α,β) is also an n-BiHom-Lie color algebra.
Theorem 3.17. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and γ : L→ L an averaging
operator of L. Then (L, {·, . . . , ·}, ε,α,β) is another n-BiHom-Lie color algebra, with
{x1, . . . , xn} = [x1, . . . ,γ(xi), . . . ,γ(x j), . . . , xn]
Proof. The proof is obtained as follows:
{β(x1), . . . ,β(xi), . . . ,β(xk),β(xk+1), . . . ,β(xn−1),α(xn)}
= [β(x1), . . . ,γβ(xi), . . . ,β(xk),β(xk+1), . . . ,γβ(x j), . . . ,β(xn−1),α(xn)]
= −ε(xk, xk+1)[β(x1), . . . ,γβ(xi), . . . ,β(xk+1),β(xk), . . . ,γβ(x j), . . . ,β(xn−1),α(xn)]
= −ε(xk, xk+1){β(x1), . . . ,β(xi), . . . ,β(xk+1),β(xk), . . . ,β(xn−1),α(xn)}.
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Similarly, we can get
{β(x1), . . . ,β(xi), . . . , . . . ,β(xn−1),α(xn)}
= −ε(xn−1, xn){β(x1), . . . ,β(xi), . . . , . . . ,β(xn),α(xn−1)}
[β2(x1), . . . ,γβ
2(xi), . . . ,γβ
2(x j), . . . ,β





2(y1), . . . ,β
2(ym−1), [β(x1), . . . ,γβ(xi), . . . ,γβ(x j), . . . ,β(xn−1),α(ym)],
β2(ym+1), . . . ,γβ
2(yk), . . . ,γβ
2(yl), . . . ,β
2(yn)]
+ε(X,Yk)[β
2(y1), . . . ,β
2(yk−1), [β(x1), . . . ,γβ(xi), . . . ,γβ(x j), . . . ,β(xn−1),γα(yk)],
β2(yk+1), . . . ,γβ






2(y1), . . . ,γβ
2(yk), . . . ,β
2(ym−1),
[β(x1), . . . ,γβ(xi), . . . ,γβ(x j), . . . ,β(xn−1),α(ym)],β
2(ym+1), . . . ,γβ
2(yl), . . . ,γβ
2(yn)]
+ε(X,Yl)[β
2(y1), . . . ,γβ
2(yk), . . . ,β
2(yl−1),
[β(x1), . . . ,γβ(xi), . . . ,γβ(x j), . . . ,β(xn−1),γα(yl)],β






2(y1), . . . ,γβ
2(yk), . . . ,γβ
2(yl), . . . ,β
2(ym−1),
[β(x1), . . . ,γβ(xi), . . . ,γβ(x j), . . . ,β(xn−1),α(ym)],β






2(y1), . . . ,β
2(ym−1), {β(x1), . . . ,β(xi), . . . ,β(x j), . . . ,β(xn−1),α(ym)},
β2(ym+1), . . . ,β
2(yk), . . . ,β
2(yl), . . . ,β
2(yn)}
+ε(X,Yk)[β
2(y1), . . . ,β
2(yk−1),γ([β(x1), . . . ,γβ(xi), . . . ,γβ(x j), . . . ,β(xn−1),α(yk)]),
β2(yk+1), . . . ,γβ






2(y1), . . . ,β
2(yk), . . . ,β
2(ym−1),
{β(x1), . . . ,β(xi), . . . ,β(x j), . . . ,β(xn−1),α(ym)},β
2(ym+1), . . . ,β
2(yl), . . . ,β
2(yn)]
+ε(X,Yl)[β
2(y1), . . . ,γβ
2(yk), . . . ,β
2(yl−1),
γ([β(x1), . . . ,γβ(xi), . . . ,γβ(x j), . . . ,β(xn−1),α(yl]),β






2(y1), . . . ,β
2(yk), . . . ,β
2(yl), . . . ,β
2(ym−1),
{β(x1), . . . ,β(xi), . . . ,β(x j), . . . ,β(xn−1),α(ym)},β







2(y1), . . . ,β
2(ym−1), {β(x1), . . . ,β(xi), . . . ,β(x j), . . . ,β(xn−1),α(ym)},
β2(ym+1), . . . ,β
2(yk), . . . ,β
2(yl), . . . ,β
2(yn)}
+ε(X,Yk){β
2(y1), . . . ,β
2(yk−1), {β(x1), . . . ,β(xi), . . . ,β(x j), . . . ,β(xn−1),α(yk)},
β2(yk+1), . . . ,β






2(y1), . . . ,β
2(yk), . . . ,β
2(ym−1),
{β(x1), . . . ,β(xi), . . . ,β(x j), . . . ,β(xn−1),α(ym)},β
2(ym+1), . . . ,β
2(yl), . . . ,β
2(yn)}
+ε(X,Yl){β
2(y1), . . . ,β
2(yk), . . . ,β
2(yl−1), {β(x1), . . . ,β(xi), . . . ,β(x j), . . . ,β(xn−1),α(yl)}),






2(y1), . . . ,β
2(yk), . . . ,β
2(yl), . . . ,β
2(ym−1),
{β(x1), . . . ,β(xi), . . . ,β(x j), . . . ,β(xn−1),α(ym)},β
2(ym+1), . . . ,β
2(yn)}.
This finishes the proof. 
Proposition 3.18. A homomorphism f : (L, [·, . . . , ·],α,β) −→ (L′, [·, . . . , ·]′,α′,β′) is a morphism of
n-BiHom-Lie color algebras if and only if the graph L ⊕ L′ is an n-BiHom-subalgebra of (L ⊕
L′, [·, . . . , ·]L⊕L′ ,α+α
′,β+β′).
Proof. Let f : (L, [·, . . . , ·],α,β) −→ (L′, [·, . . . , ·]′,α′,β′) is a morphism of n-BiHom-Lie color alge-
bras, then for any x, x1, . . . , xn ∈ L, we have
[x1+ f (x1), . . . , xn+ f (xn)]L⊕L′ = [x1, . . . , xn]+ [ f (x1), . . . , f (xn)]
′
= [x1, . . . , xn]+ f ([x1, . . . , xn]).
Thus the graph φ f is closed under the bracket operation [·, . . . , ·]L⊕L′ . Furthermore, we have
(α+α′)(x+ f (x)) = α(x)+α′ ◦ f (x) = α(x)+ f ◦α(x),
which implies that
(α+α′)(φ f ) ⊂ φ f .
Similarly,
(β+β′)(φ f ) ⊂ φ f .
Thus φ f is an n-BiHom-Lie color subalgebras of (L⊕ L
′, [·, . . . , ·]L⊕L′ ,α+α
′,β+β′).
Conversely, if the graph φ f is an n-BiHom-Lie color subalgebras of (L ⊕ L
′, [·, . . . , ·]L⊕L′ ,α+
α′,β+β′), we have
[x1+ f (x1), . . . , xn+ f (xn)]L⊕L′ = [x1, . . . , xn]+ [ f (x1), . . . , f (xn)]
′ ∈ φ f
which implies that
[ f (x1), . . . , f (xn)]
′
= f ([x1, . . . , xn]).
Furthermore, (α+α′)(φ f ) ⊂ φ f yields that
(α+α′)(x+ f (x)) = α(x)+α′ ◦ f (x) ∈ φ f ,
which is equivalent to the condition α′ ◦ f (x) = f ◦α(x), i.e, α′ ◦ f = f ◦α. Similarly, β′ ◦ f = f ◦β.
Therefore, f is a morphism of n-BiHom-Lie color algebras. 
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4 BiHom-modules over n-BiHom-Lie color algebras
In this section we consider BiHom-modules over n-BiHom-Lie color algebras.
Definition 4.1. Let Γ be an abelian group. A BiHom-module is a pair (M,αM,βM) in which M is a
Γ-graded linear space and αM ,βM : M −→ M are an even linear maps such that αMβM = βMαM .
Definition 4.2. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and (M,αM,βM) a BiHom-
module. The BiHom-module (M,αM,βM) is called an n-BiHom-Lie module over L if there are n
polylinear maps:
ωi : L⊗ . . .L⊗ M︸︷︷︸
i
⊗L⊗ · · ·⊗ L→ M, i = 1,2, . . . ,n
such that, for any xi,yi ∈ H(L) and m ∈ H(M),
a) ωi(β(x1), . . . ,β(xi−1),βM(m),β(xi+1), . . . ,α(xn)) is a ε-skew-symmetric by all x-type arguments.
b) ωi(β(x1), . . . ,β(xi−1),βM(m),β(xi+1), . . . ,α(xn)) = −ε(m, xi+1)ωi+1(β(x1), . . . ,
β(xi−1),β(xi+1),βM(m), . . . ,α(xn)) ;
for i = 1,2, . . . ,n−1.
ωn−1(β(x1), . . . ,β(xn−2),βM(m),α(xn)) = −ε(m, xn)ωn(β(x1), . . . ,β(xn−2),β(xn),αM(m));
c) ωn(β
2(x1), . . . ,β





2(y1), . . . ,β
2(yi−1), [β(x1), . . . ,β(xn−1),α(yi)],β




2(y1), . . . ,β
2(yn−1),ωn(β(x1), . . . ,β(xn−1),αM(m))),
where xi,y j ∈ H(L), X =
∑n−1
i=1 xi, Yi =
∑i
j=1 y j−1,y0 = e and m ∈ H(M).
d) ωn−1(β









2(y1), . . . ,β
2(yi−1),ωn−1(β(x1), . . . ,β(xn−2),βM(m),α(yi)),
β2(yi+1), . . . ,β
2(yn)),
where xi,y j ∈ H(L), X =
∑n−2
i=1 xi+m, Yi =
∑i
j=1 y j−1,y0 = e and m ∈ H(M).
Example 4.3. Any n-BiHom-Lie color algebra (L, [·, . . . , ·], ε,α,β) is an n-BiHom-Lie module over
itself by taking M = L, αM = α, βM = β and ωi(·, . . . , ·) = [·, . . . , ·].
Theorem 4.4. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra, and let (M,αM,βM ,ωi) be
an n-BiHom-Lie color module and γ : L→ L be an endomorphism. Define
ω˜i = ωi(γ, . . . ,γ, id︸︷︷︸
i
,γ, . . . ,γ), i = 1,2, . . . ,n.
Then (M,αM,βM, ω˜i) is an n-BiHom-Lie color module.
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Proof. The item a) is obvious, we prove the item b).
ω˜i(β(x1), . . . ,β(xi−1),βM(m),β(xi+1), . . . ,α(xn))
= ωi(γβ(x1), . . . ,γβ(xi−1),βM(m),γβ(xi+1), . . . ,γα(xn))
= −ε(m, xi+1)ωi+1(γβ(x1), . . . ,γβ(xi−1),γβ(xi+1),βM(m), . . . ,γα(xn));
= −ε(m, xi+1)ω˜i+1(β(x1), . . . ,β(xi−1),β(xi+1),βM(m), . . . ,α(xn)).
Similarly, we have
ω˜n−1(β(x1), . . . ,β(xn−2),βM(m),α(xn)) = −ε(m, xn)ω˜n(β(x1), . . . ,β(xn−2),β(xn),αM(m))
.
So we only prove c), item d) being proved similarly.
ω˜n(β
2(x1), . . . ,β
2(xn−1), ω˜n(β(y1), . . . ,β(yn−1),αM(m))) =
= ωn(γβ
2(x1), . . . ,γβ
2(xn−1),ωn(γβ(y1), . . . ,γβ(yn−1),αM(m)))
= ωn(β
2γ(x1), . . . ,β





2γ(y1), . . . ,β
2γ(yi−1), [βγ(x1), . . . ,βγ(xn−1),βγ(yi)],





2γ(y1), . . . ,β





2(y1), . . . ,γβ
2(yi−1),γ([β(x1), . . . ,β(xn−1),α(yi)]),





2(y1), . . . ,γβ




ε(X,Yi)ωn(γ⊗ · · ·⊗γ⊗ id)(β
2(y1), . . . ,β
2(yi−1), [β(x1), . . . ,β(xn−1),α(yi)],




+ε(X,Yn)ωn(γ⊗ · · ·⊗γ⊗ id)
(
β2(y1)⊗ · · ·⊗β






2(y1), . . . ,β
2(yi−1), [β(x1), . . . ,β(xn−1),α(yi)],β




2(y1), . . . ,β
2(yn−1), ω˜n(β(x1), . . . ,β(xn−1),αM(m))).
This ends the proof. 
Corollary 4.5. Let (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and γ : L→ L be an endo-
morphism. Then (L, {·, . . . , ·}i,α,β), with
{·, . . . , ·}i = [γ, . . . ,γ, id︸︷︷︸
i
,γ, . . . ,γ], i = 1,2, . . . ,n,
is an n-BiHom-Lie color module.
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Corollary 4.6. Let (L, [·, . . . , ·], ε,α,β) be a multiplicative n-BiHom-Lie color algebra. Then, for any
k, l ≥ 1, (L, {·, . . . , ·}
k,l
i
,α,β) is an n-BiHom-Lie color module, with
{·, . . . , ·}
k,l
i
= [αkβl, . . . ,αkβl, id︸︷︷︸
i
,αkβl, . . . ,αkβl], i = 1,2, . . . ,n.
We end this section by giving some results for trivial gradation i.e. Γ = {e}.
Proposition 4.7. Let (M,αM,βM,ωi) be a module over the n-BiHom-Lie algebra
(L, [·, . . . , ·],αL,βL). Consider the direct sum of linear spaces A = L⊕M. Let’ us define on A the
bracket
• {x1, . . . , xn} = [x1, . . . , xn],
• {x1, . . . , xi−1,m, xi+1, . . . , xn} = ωi(x1, . . . , xi−1,m, xi+1, . . . , xn),
• {x1, . . . , xi, . . . , x j, . . . , xn} = 0, whenever xi, x j ∈ M.
Then (A, {·, . . . , ·},αA = αL+αM,βA = βL+βM) is an n-BiHom-Lie algebra.
Proposition 4.8. Let (M,αM,βM,ωi) be a module over the n-BiHom-Lie algebra
(L, [·, . . . , ·],αL,βL). Consider the direct sum of linear spaces A = L⊕M. Let us define on A the
bracket
{x1+m1, . . . , xn+mn} = [x1, . . . , xn]+
n∑
i=1
ωi(x1, . . . , xi−1,mi, xi+1, . . . , xn)
Then (A, {·, . . . , ·},αA = αL+αM,βA = βL+βM) is an n-BiHom-Lie algebra.














) be two modules over the n-BiHom-Lie
algebra (L, [·, . . . , ·],α,β). Then (M,αM,βM ,ωi) is an n-BiHom-Lie module with













Proof. We prove the item b).










)(m1+m2),β(xi+1), . . . ,α(xn))
= ω1
i
(β(x1), . . . ,β(xi−1),β
1
M
(m1),β(xi+1), . . . ,α(xn))+ω
2
i
(β(x1), . . . ,β(xi−1),β
2
M




(β(x1), . . . ,β(xi−1),β(xi+1),β
1
M




(β(x1), . . . ,β(xi−1),β(xi+1),β
2
M











)(m), . . . ,α(xn))
= −ε(m, xi+1)ωi+1(β(x1), . . . ,β(xi−1),β(xi+1),βM(m), . . . ,α(xn))
Similarly, we have
ωn−1(β(x1), . . . ,β(xn−2),βM(m),α(xn)) = −ε(m, xn)ωn(β(x1), . . . ,β(xn−2),β(xn),αM(m))
.
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So we only prove c), item d) being proved similarly.
ωn(β
2(x1), . . . ,β
















2(x1), . . . ,β
2(xn−1),ω
1





2(x1), . . . ,β
2(xn−1),ω
2










2(y1), . . . ,β
2(yi−1), [β(x1), . . . ,β(xn−1),β(yi)],







2(y1), . . . ,β
2(yn−1),ω
1










2(y1), . . . ,β
2(yi−1), [β(x1), . . . ,β(xn−1),β(yi)],







2(y1), . . . ,β
2(yn−1),ω
2












2(y1), . . . ,β
2(yi−1), [β(x1), . . . ,β(xn−1),β(yi)],


























2(y1), . . . ,β
2(yi−1), [β(x1), . . . ,β(xn−1),α(yi)],β




2(y1), . . . ,β
2(yn−1),ωn(β(x1), . . . ,β(xn−1),αM(m))).
where xi,y j ∈ H(L), X =
∑n−1
i=1 xi, Yi =
∑i
j=1 y j−1,y0 = e and m ∈ H(M). This finishes the proof. 
5 Generalized derivation of color Hom-algebras and their color Hom-
subalgebras
Definition 5.1. For any k ≥ 0, we call D ∈ End(L) an (αk,βr)-derivation of degree d of the multi-
plicative n-BiHom-Lie color algebra (L, [·, . . . , ·], ε,α,β) if
α◦D = D◦α, β◦D = D◦β, (5.1)




rαk(x1), . . . ,β
rαk(xi−1),D(xi),β
rαk(xi+1), . . . ,β
rαk(xn)].
We denote the set of (αk,βr)-derivations of the multiplicative n-BiHom-Lie color algebra L by
Der(αk ,βr)(L). For any D ∈ Der(αk ,βr)(L) and D
′ ∈ Der(αl ,βs)(L), let us define their ε-commutator
[D,D′] as usual:
[D,D′] = D◦D′− ε(d,d′)D′ ◦D.
Lemma 5.2. For any D ∈ Der(αk ,βr)(L) and D
′ ∈ Der(αl ,βs)(L),
[D,D′] ∈ Der(αk+l ,βr+s)(L).
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Proof. For any D ∈ Der(αk ,βr)(L) and D
′ ∈ Der(αl ,βs)(L) and any x1, . . . , xn−1, xn ∈ H(L),
[D,D′]([x1, . . . , xn]) =
= (DD′− ε(d,d′)D′D)([x1, . . . , xn])
= DD′([x1, . . . , xn])− ε(d,d





sαs(x1), . . . ,D













r+sαk+l(x1), . . . ,Dβ
lαs(x j), . . . ,β






r+sαk+l(x1), . . . ,DD










r+sαk+l(x1), . . . ,β










r+sαk+l(x1), . . . ,D
′βlαs(x j), . . . ,β
rαkD(xi),






r+sαk+l(x1), . . . ,D









r+sαk+l(x1), . . . ,β
lαsD(xi), . . . ,D
′βrαk(x j),








r+sαk+l(x1), . . . ,β
lαsD(xi), . . . ,D









r+sαk+l(x1), . . . ,β
lαsD(xi), . . . ,D









r+sαk+l(x1), . . . ,β
lαsD(x j), . . . ,D









r+sαk+l(x1), . . . ,β
lαsD(x j), . . . ,D
′βrαk(xi), . . . ,β
r+sαk+l(xn)].
Thus,





[βr+sαk+l(x1), . . . ,DD
′(xi), . . . ,β
r+sαk+l(xn)]
−ε(d,d′)[βr+sαk+l(x1), . . . ,D







r+sαk+l(x1), . . . , [D,D
′](xi), . . . ,β
r+sαk+l(xn)],
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which means that [D,D′] ∈ Der(αk+l,βr+s)(L). 
Lemma 5.3. [] If A, ·, ε,α,β) is a regular BiHom-associative color algbebra, then
L(A) = (A, [−,−], ε,α,β)
is also a regular BiHom-Lie color algebra with
[x,y] = x · y− ε(x,y)(α−1β(y))(αβ−1(x)),
for any x,y ∈ H(A).
Let us denote by Der(L) = ⊕k,r≥0Der(αk ,βr)(L) and D̂er(L) = {D ∈ Der(L),D◦α = β◦D}.
Proposition 5.4. (L, [·, . . . , ·], ε,α,β) be a regular n-BiHom-Lie color algebra. Then, (D̂er(L), [·, ·], ε,ω,Ω)
is a BiHom-Lie color algebra, with ω(D) = D◦α and Ω(D) = D◦β.
Proof. It follows from the simple fact that (D̂er(L),◦, ε,ω,Ω) is a BiHom-associative color algebra
and Lemma 5.3. 
Proposition 5.5. (L, [·, . . . , ·], ε,α,β) be an n-BiHom-Lie color algebra and E˜nd(L) the subspace of
End(L) defined by
E˜nd(L) = { f ∈ End(L)/ f ◦α = α◦ f , f ◦β = β◦ f }.
Then, (E˜nd(L), [−,−], ε,ω,Ω) is a Bihom-lie color algeba with ω(D) = D ◦ α,Ω(D) = D ◦ β and
[D,D′] = DD′− ε(d,d′)D′D. In particular, (Der(L), [−,−], ε,ω,Ω) is a Bihom-Lie color algebra.
Definition 5.6. An endomorphism D of degree d of a multiplicative n-BiHom-Lie color algebra
(L, [·, . . . , ·], ε,α,β) is called a generalized (αk,βr)-derivation if there exist linear mappings D′,D′′, . . . ,
D(n−1),D(n) of degree d such that for any x1, . . . , xn ∈ H(L):
D◦α = α◦D, D◦β = β◦D D(i) ◦α = α◦D(i) and D(i) ◦β = β◦D(i), (5.3)




kβr(x1), . . . ,α
kβr(xi−1),D
(i−1)(xi),α
kβr(xi+1), . . . ,α
kβr(xn)].
(5.4)
An (n+1)-tuple (D,D′,D′′, . . . ,D(n−1),D(n)) is called an (n+1)-ary (αk,βr)-derivation.
The set of generalized (αk,βr)-derivation is denoted by GDer(αk,βr)(L). Set
GDer(L) = ⊕k≥0⊕r≥0GDer(αk ,βr)(L).
Definition 5.7. Let(L, [·, . . . , ·], ε,α,β) be a multiplicative n-BiHom-Lie color algebra . A linear
mapping D ∈ End(L) is said to be an (αk,βr)-quasiderivation of degree d if there exists a D′ ∈ End(L)
of degree d such that
D◦α = α◦D, D′ ◦α = α◦D′, (5.5)
D◦β = β◦D, D′ ◦β = β◦D′, (5.6)
D
′




kβr(x1), . . . ,α
kβr(xi−1),D(xi),α
kβr(xi+1), . . . ,α
kβr(xn)] (5.7)
for all x1, . . . , xn ∈ H(L)
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We call D′ the endomorphism associated to the (αk,β)-quasiderivation D. The set of (αk,βr)-
quasiderivations will be denoted QDer(αk ,βr)(L). Set QDer(L) = ⊕k≥0 ⊕r≥0QDer(αk ,βr)(L).
Definition 5.8. Let(L, [·, . . . , ·], ε,α,β) be a multiplicative n-BiHom-Lie color algebra . The set
C(αk,βr)(L) consisting of linear mapping D of degree d with the property
D◦α = α◦D, D◦β = β◦D, (5.8)
D([x1, . . . , xn]) = ε(d,Xi)[α
kβr(x1), . . . ,α
kβr(xi−1),D(xi),α
kβr(xi+1), . . . ,α
kβr(xn)] (5.9)
for all x1, . . . , xn ∈ H(L), is called the (α
k,βr)-centroid of L.
Definition 5.9. Let(L, [·, . . . , ·], ε,α,β) be a multiplicative n-BiHom-Lie color algebra . The set
QC(αk,βr)(L) consisting of linear mapping D of degree d with the property
D◦α = α◦D, D◦β = β◦D (5.10)
[D(x1),α
kβr(x2), . . . ,α
kβr(xn)] = (5.11)
ε(d,Xi)[α
kβr(x1), . . . ,α
kβr(xi−1),D(xi),α
kβr(xi+1), . . . ,α
kβr(xn)],
for all x1, . . . , xn ∈ H(L), is called the (α
k,βr)-quasicentroid of L.
Definition 5.10. Let(L, [·, . . . , ·], ε,α,β) be a multiplicative n-BiHom-Lie color algebra. The set
ZDer(αk,βr)(L) consisting of linear mappings D of degree d, such that for all x1, . . . , xn ∈ H(L):
D◦α = α◦D, D◦β = β◦D
D([x1, . . . , xn]) = ε(d,Xi)[α
kβr(x1), . . . ,α
kβr(xi−1),D(xi),α
kβr(xi+1), . . . ,α
kβr(xn)] = 0,
i = 1,2, . . . ,n, , (5.12)
is called the set of central (αk,βr)-derivations of L.
It is easy to see that
ZDer(L) ⊆ Der(L) ⊆ QDer(L) ⊆GDer(L) ⊆ E˜nd(L).
Proposition 5.11. Let(L, [·, . . . , ·], ε,α,β) be a regular n-BiHom-Lie color algebra .
1) GDer(L),QDer(L), C(L) are color BiHom-subalgebras of (E˜nd(L), [·, ·],ω,Ω) i.e. :
1a) ω(GDer(L)) ⊆GDer(L), Ω(GDer(L)) ⊆GDer(L) and [GDer(L),GDer(L)] ⊆GDer(L).
2b) ω(QDer(L)) ⊆ QDer(L), Ω(QDer(L)) ⊆ QDer(L) and [QDer(L),QDer(L)] ⊆ QDer(L).
3c) ω(C(L)) ⊆C(L), Ω(C(L)) ⊆C(L) and [C(L),C(L)] ⊆C(L).
2) ZDer(L) is a color BiHom-ideal of Der(L) i.e. :
ω(ZDer(L)) ⊆ ZDer(L), Ω(ZDer(L)) ⊆ ZDer(L) and [ZDer(L),Der(L)] ⊆ ZDer(L).
Proof. 1a) Let us prove that if D ∈GDer(L), then ω(D) ∈GDer(L). For any x1, . . . , xn ∈ H(L),
(ω(D(n)))([x1, . . . , xn]) = (D
(n) ◦α)([x1, . . . , xi, . . . , xn])





k+1βr(x1), . . . ,α
k+1βr(xi−1),D
(i−1)α(xi),α






k+1βr(x1), . . . ,α
k+1βr(xi−1), (D
(i−1) ◦α)(xi),






k+1βr(x1), . . . ,α
k+1βr(xi−1),ω(D
(i−1))(xi),α
k+1βr(xi+1), . . . ,α
k+1βr(xn)].
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This means that ω(D) is an (αk+1,βr)-derivation i.e. ω(D) ∈GDer(L).
Similarly, we prove that Ω(D) is an (αr,βr+1)-derivation.

































k+lβr+s(x1), . . . ,D
( j−1)
2
































αk+lβr+s(xi+1), . . . ,D
( j−1)
2
























































k+lβr+s(xi+1), . . . ,α
k+lβr+s(xn)].
Thus we obtain that [D1,D2] ∈GDer(αk+l,βr+s)(L).
1b) That of QDer(L) is a color BiHom-subalgebra of (E˜nd(L), [·, ·],ω,Ω) is done in the similar
way.
1c) Let D1 ∈ C(αk,βr)(L) and D2 ∈ C(αl,βs)(L). Then
ω(D1)([x1, x2, . . . , xn]) = αD1([x1, x2, . . . , xn])
= ε(d1,Xi)α([α
kβr(x1),α




k+1βr(x2), . . . ,αD1(xi), . . . ,α
k+1βr(xn].
Thus ω(D) ∈ C(αk+1,βr)(L). In the same way, Ω(D) ∈ C(αk,βr+1)(L).
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Moreover,
[D1,D2]([x1, . . . , xn]) = D1D2([x1, . . . , xn])− ε(d1,d2)D2D1([x1, . . . , xn])
= ε(d2,Xi)D1[β
sαl(x1),β
















k+lβr+s(x2), . . . , [D1D2](xi), . . . ,α
k+lβr+s(xn)].
So, [D1,D2] ∈ C(αk+l,βr+s)(L) and finally [D1,D2] ∈ C(L).
2) By the same method as previously one can show that ω(D) ∈ ZDer(αk+1,βr)(L),
Ω(D) ∈ ZDer(αk,βr+1)(L) and [D1,D2] ∈ ZDer(αk+l,βr+s)(L), where D1 ∈ ZDer(αk ,βr)(L) and D2 ∈
Der(αl ,βs)(L).

Lemma 5.12. Let(L, [·, . . . , ·], ε,α,β) be a multiplicative n-BiHom-Lie color algebra . Then
1) The ε-commutator of two elements of quasicentroid is a quasiderivation i.e.
[QC(L),QC(L)] ⊆ QDer(L).
2) QDer(L)+QC(L) ⊆GDer(L).
Proof. For any x1, x2, . . . , xn ∈ H(L),
1) let D1 ∈ QC(αk ,βr)(L) and D2 ∈ QC(αl,βs)(L). We have, on the one hand
[D1D2(x1),α




k+lβr+s(x2), . . . ,D1(β
lαs(xi)), . . . ,α
k+lβr+s(xn)]
= ε(D1,D2+Xi)ε(D2,Xi)[α
k+lβr+s(x1), . . . ,D2D1(xi), . . . ,α
k+lβr+s(xn)]
= ε(D1,D2)ε(D1+D2,Xi)[α
k+lβr+s(x1), . . . ,D2D1(xi), . . . ,α
k+lβr+s(xn)].
On the other hand,
[D1D2(x1),α




lαs(x2)), . . . ,α




lαs(x2)), . . . ,D2(β





k+lβr+s(x2), . . . ,D2(β
rαk(xi)), . . . ,α
k+lβr+s(xn)]
= ε(D2,Xi)ε(D1,Xi)[α
k+lβr+s(x1), . . . ,D1D2(xi), . . . ,α
k+lβr+s(xn)]
= ε(D1+D2,Xi)[α








[αk+lβr+s(x1), . . . ,D1D2(xi), . . . ,α
k+lβr+s(xn)]
−ε(D1,D2)[α









k+lβr+s(x1), . . . , [D1,D2](xi), . . . ,α
k+lβr+s(xn)] = 0.
Therefore D′ ≡ 0, and [D1,D2] ∈ QDer(L).









rαk(x1), . . . ,D1(xi), . . . ,β
rαk(xn)]
= [D1(x1),β
rαk(x2), . . . ,β
rαk(xn)]+ ε(D1, x1)[β






rαk(x1), . . . ,D1(xi), . . . ,β
rαk(xn)]
= [(D1 +D2)(x1),β
rαk(x2), . . . ,β
rαk(xn)]− [D2(x1),β
rαk(x2), . . . ,β
rαk(xn)]
+ε(D1, x1)[β






rαk(x1), . . . ,D1(xi), . . . ,β
rαk(xn)]
= [(D1 +D2)(x1),β
rαk(x2), . . . ,β
rαk(xn)]− ε(D2, x1)[β
rαk(x1),D2(x2), . . . ,β
rαk(xn)]
+ε(D1, x1)[β






rαk(x1), . . . ,D1(xi), . . . ,β
rαk(xn)]
= [(D1 +D2)(x1),β
rαk(x2), . . . ,β
rαk(xn)]
+ε(D2, x1)[β






rαk(x1), . . . ,D1(xi), . . . ,β
rαk(xn)].
The conclusion follows by taking




= D1, 2 ≤ i ≤ n−1.
This proved that D1+D2 ∈GDe(L). 
Proposition 5.13. Let (L, [·, . . . , ·], ε,α,β) be a multiplicative n-BiHom-Lie color algebra such that
α and β be surjective mappings, then [C(L),QC(L)] ⊆ Hom(L,Z(L)). Moreover, if Z(L) = {0}, then
[C(L),QC(L)] = {0}.




∈ L, there exists yi ∈ L such that y
′
i
= βr+sαk+l(yi), i = 2, . . . ,n. Thus
[[D1,D2](x1),y
′




k+lβr+s(y2), . . . ,α
k+lβr+s(yn)]
= [D1D2(x1),α
k+lβr+s(y2), . . . ,α
k+lβr+s(yn)]
−ε(d1,d2)[D2D1(x1),α
k+lβr+s(y2), . . . ,α
k+lβr+s(yn)]
= D1([D2(x1),β




rαk(y2), . . . ,α
k+lβr+s(yn)]
= D1([D2(x1),β
lαs(y2), . . . ,β
lαs(yn)])
−ε(d2, x1)D1[β















lαs(y2), . . . ,β
lαs(yn)]− [D2(x1),β




Hence, [D1,D2](x1) ∈ Z(L), and [D1,D2] ∈ Hom(L,Z(L)). Furthermore, if Z(L) = {0}, we know that
[C(L),QC(L)] = {0}. 
Proposition 5.14. Let(L, [·, . . . , ·], ε,α,β) is a multiplicative n-BiHom-Lie color algebra with surjec-
tive twisting α and H be a graded Hom-subalgebra of L wich is invariant by α and β. Then
i) ZL(H) is invariant under C(L).
ii) Every perfect color Hom-ideal of L is invariant under C(L).
Proof. i) For any ϕ ∈ C(L) and x ∈ ZL(H), we have
0 = ϕ([x,H,L, . . . ,L]) = [ϕ(x),βrαk(H),βrαk(L), . . . ,βrαk(L)] = [ϕ(x),H,L, . . . ,L].
Therefore ϕ(x) ∈ ZL(H), which implies that ZL(H) is invariant under C(L).
































rαk(xi2), . . . ,β
rαk(xin)] ∈ H.
This shows that H is invariant under C(L).

Proposition 5.15. If the characteristic of K is 0 or not a factor of n−1. Then
ZDer(L) =C(L)∩Der(L).
Proof. If ϕ ∈ C(L)∩Der(L), then by (5.4) we have




rαk(x1), . . . ,ϕ(xi), . . . ,β
rαk(xn)],
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and by (5.9), for i = 1,2, . . . ,n,
ε(d,Xi)[β
rαk(x1), . . . ,ϕ(xi), . . . ,β
rαk(xn)] = ϕ([x1, . . . , xn]).
Thus
ϕ([x1, . . . , xn]) = nϕ([x1, . . . , xn])
The characteristic of K being 0 or not a factor of n−1, we have
0 = ϕ([x1, . . . , xn]) = ε(d,Xi)[β
rαk(x1), . . . ,ϕ(xi), . . . ,β
rαk(xn)], i = 1,2, . . . ,n.
Which means that ϕ ∈ ZDer(L).
Conversly, let ϕ ∈ ZDer(L), Then by (5.12),
ϕ([x1, . . . , xn]) = ε(d,Xi)[α
k(x1), . . . ,ϕ(xi), . . . ,α
k(xn)] = 0,1 ≤ i ≤ n
and thus ϕ ∈ C(L)∩Der(L). Therefore ZDer(L) =C(L)∩Der(L). 
Proposition 5.16. Let L be an n-BiHom-Lie color algebra . For any D ∈ Der(L) and ϕ ∈ C(L)
1) Der(L) is contained in the normalizer of C(L) in ˜End(L) i.e.
[Der(L),C(L)] ⊆C(L).
2) QDer(L) is contained in the normalizer of QC(L) in ˜End(L) i.e.
[QDer(L),QC(L)] ⊆ QC(L).
Proof. 1) For any D ∈ Der(L),ϕ ∈ C(L) and x1, x2, . . . , xn ∈ H(L),
Dϕ([x1, . . . , xn]) = D([ϕ(x1),β
rαk(x2), . . . ,β
rαk(xi), . . . ,β
rαk(xn)])
= [Dϕ(x1),β
r+sαk+l(x2), . . . ,β







r+sαk+l(x2), . . . ,β
rαkD(xi), . . . ,β
r+sαk+l(xn)]
= [Dϕ(x1),β
r+sαk+l(x2), . . . ,β







r+sαk+l(x2), . . . ,ϕD(xi), . . . ,β
r+sαk+l(xn)]
= [Dϕ(x1),β
r+sαk+l(x2), . . . ,β







r+sαk+l(x2), . . . ,ϕD(xi), . . . ,β
r+sαk+l(xn)]
= [Dϕ(x1),β
r+sαk+l(x2), . . . ,β




ϕD[x1, x2, . . . , xi, . . . , xn]
−[ϕD(x1),β
r+sαk+l(x2), . . . ,β





(Dϕ− ε(d,ϕ)ϕD)([x1, . . . , xn])
= [(Dϕ− ε(d,ϕ)ϕD)(x1), . . . ,β
r+sαk+l(x2), . . . ,β
r+sαk+l(xi), . . . ,β
r+sαk+l(xn)],
that is [D,ϕ] = Dϕ− ε(d,ϕ)ϕD ∈ C(L).
2) It is proved by using a similar method. 
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Proposition 5.17. Let L be an n-BiHom-Lie color algebra . For any D ∈ Der(L) and ϕ ∈ C(L)
1) Dϕ is contained in C(L) if and only if ϕD is a central derivation of L i.e. :
Der(L) ·C(L) ⊂C(L)⇐⇒ C(L) ·Der(L) ⊂ ZDer(L).
2) Dϕ is a derivation of L if and only if [D,ϕ] is a central derivation of L i.e. :
Der(L) ·C(L) ⊂ Der(L)⇐⇒ [Der(L),C(L)] ⊂ ZDer(L).
Proof. 1) From Proposition 5.16, Dϕ is an element of C(L) if and only if ϕD ∈ Der(L)∩C(L).
Thanks to Proposition 5.15, we get the result.
2) The conclusion follows from 1), Proposition 5.15 and Proposition 5.16. 
Proposition 5.18. Let(L, [·, . . . , ·], ε,α,β) be a multiplicative n-BiHom-Lie color algebra.
1) If ϕ ∈ C(L) and D ∈ Der(L), then ϕD is a derivation i.e.
C(L) ·Der(L) ⊆ Der(L).
2) Any element of centroid is a quasiderivation i.e.
C(L) ⊆ QDer(L).
Proof. 1) For any x1, . . . , xn ∈ H(L),
















k+lβr+s(x1), . . . ,ϕD(xi), . . . ,α
k+lβr+s(xn)].
Thus ϕD is an (αk+l,βr+s)-derivation of degree d+ϕ.
2) Let D be an (αk,βr)-centroid, then for any x1, . . . , xn ∈ H(L),
D([x1, . . . , xn]) = ε(d,Xi)[β
rαk(x1), . . .D(xi), . . . ,β





rαk(x1), . . .D(xi), . . . ,β
rαk(xn)] = nD([x1, . . . , xn]). (5.14)
It suffises to take D′ = nD. 
If A is a commutative associative algbebra and L is an n-BiHom-Lie color algebra , the n-Hom-
Lie algebra A⊗L (Theorem 3.7) is called the tensor product n-BiHom-Lie color algebra of A and L.
For f ∈ End(A) and ϕ ∈ End(L) let f ⊗ϕ : A⊗ L→ A⊗ L be given by f ⊗ϕ(a⊗ x) = f (a)⊗ϕ(x), for
a ∈ A, x ∈ L. Then f ⊗ϕ ∈ End(A⊗ L).
Recall that if A is a commutative associative algebra, the centroid C(A) of A is by definition
C(A) = { f ∈ End(A) | f (ab) = f (a)b = a f (b),∀a,b ∈ A}.
We now state the following
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Proposition 5.19. By the above notation, we have
C(A)⊗C(L) ⊆C(A⊗ L).
Proof. For any ai ∈ A, xi ∈ H(L),1 ≤ i ≤ n, and any f ∈ C(A) and ϕ ∈ C(L),
( f ⊗ϕ)[a1⊗ x1, . . . ,an⊗ xn] = ( f ⊗ϕ)(a1 . . .an)⊗ [x1, . . . , xn]
= f (a1 . . .an)⊗ϕ[x1, . . . , xn]
= ε(ϕ,Xi)a1 . . . f (ai) . . .an⊗ [β
rαk(x1), . . . ,ϕ(xi), . . . ,β
rαk(xn)]
= ε(ϕ,Xi)[a1 ⊗β
rαk(x1) . . . f (ai)⊗ϕ(xi), . . . ,an⊗β
rαk(xn)]
= ε(ϕ,Xi)[γ(a1 ⊗ x1) . . . ( f ⊗ϕ)(ai⊗ xi), . . . ,γ(an ⊗ xn)],
with γ = Id⊗αkβr. Therefore, f ⊗ϕ ∈ C(A⊗ L). 
Proposition 5.20. Let (L, [·, . . . , ·], ε,α,β) be a multiplicative n-BiHom-Lie color algebra and t an
indeterminate. Let us define L = {
∑
(x⊗ t+ y⊗ tn)|x,y ∈ L},α(L) = {
∑
(α(x)⊗ t+α(y)⊗ tn)|x,y ∈ L}
and β(L) = {
∑
(β(x)⊗ t+β(y)⊗ tn)|x,y ∈ L}. Then, (L, [., . . . , .], ε,α,β) is a multiplicative n-BiHom-Lie
color algeba with the bracket
[x1⊗ t
i1 , x2⊗ t
i2 , . . . , xn⊗ t
in] = [x1, x2, . . . , xn]⊗ t
∑
i j ,
for i1, . . . , in ∈ {1,2, . . . ,n}. If k > n, we let t
k
= 0.
Proof. It follows from a straightforward forward computation. 
For the sake of convenience, we write xt(xtn) instead of x⊗ t(x⊗ tn). If U is a subspace of L
such that L = U ⊕ [L, . . . ,L], then
L = Lt+ Ltn = Lt++Utn+ [L, . . . ,L]tn.
Now define a map ϕ : QDer(L)→ End(L) by
ϕ(D)(at+utn +btn) = D(a)t+D′(b)tn,
where D ∈ QDer(L), D′ is a map related to D by the definition of quasiderivation, a ∈ L,u ∈ U,b ∈
[L, . . . ,L].
Proposition 5.21. Let L,L,ϕ be as above. Then
(1) ϕ is even ;
(2) ϕ is injective and ϕ(D) does not depend on the choise of D′ ;
(3) ϕ(QDer(L)) ⊆ Der(L).
Proof. (1) It follows from the definition of ϕ.















so, D1(a) = D2(a). Hence D1 = D2, and ϕ is injective.
Now, suppose that there exists D′′ such that
ϕ(D)(at+utn +btn) = D(a)t+D′′(b)tn,
and ∑
ε(d,Xi)[α
kβr(x1), . . . ,D(xi), . . . ,α
kβr(xn)] = D
′′([x1, . . . , xn]),
then we have
D′([x1, . . . , xn]) = D
′′([x1, . . . , xn]),
thus D′(b) = D′′(b). Hence
ϕ(D)(at+utn +btn) = D(a)t+D′(b)tn = D(a)t+D′′(b)tn,
which implies that ϕ(D) is determined only by D.
(3) We have [x1t
i1 , x2t
i2 , . . . , xnt
in ] = [x1, x2, . . . , xn]t
∑
i j = 0 for all t
∑
i j ≥ n+1. Thus, to show that
ϕ(D) ∈ Der(L), we only need to check that the following equality holds :
ϕ(D)([x1t
i1 , x2t







i1 ), . . . ,ϕ(D)(xit




For arbitrary x1, . . . , xn ∈ L, we have
ϕ(D)([x1t, x2t, . . . , xnt]) = ϕ(D)([x1, x2, . . . , xn]t
























Therefore, for all D ∈ QDer(L) we have ϕ(D) ∈ Der(L).

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